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Abstract. We study an increasing family of spaces {6^} 1<p<00 by adapting 
the techniques used in the study of Beurling algebras by Coifman and Meyer 
O | |Co-Me| , A weak form Wiener-Levy theorem is proved based on an integral 

_ representation formula belonging A. P. Calderon. Also we study the Schattcn- 

, von Neumann properties of pseudo-differential operators with symbols in the 

spaces spaces. 
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1. Introduction 

In this paper we study a class of spaces which generalizes the Kato-Sobolev 
spaces. As we noted in [A2j . Kato-Sobolev spaces are particular cases of Wiener 
amalgam spaces with local component T-L s and global component LP . Wiener amal- 
gam spaces were introduced by Hans Georg Feichtinger in 1980. Allowing more 
general weight functions, in this paper we consider as local component the spaces 
Bk = B2,k introduced by Lars Hormander (see |Hol] vol. 2) and we preserve the 
global component LP . Most of the results proved in the case of Kato-Soblev spaces 
are preserved except the Wiener-Levy theorem and the spectral analysis for B k 
algebras based on this theorem. However, a weak form of this theorem is proved. 
Also we prove Schatten-von Neumann class properties for pseudo-differential oper- 
ators with symbols in the spaces B k . Besides the properties of the spaces -B p ,fc, the 
main techniques we use in the study of these spaces are inspired by techniques used 
in the study of Beurling algebras by Coifman and Meyer [CozMej . Also the proof of 
the weak form Wiener-Levy theorem is based on an integral representation formula 
of A. P. Calderon. In Section 2 we recall some properties of the spaces B p ^ and 
we establish the main technical result used in paper by adapting the techniques 
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of Coifman and Meyer, used in the study of Beurling algebras. In Section 3 we 
study an increasing family of spaces {B k } 1<p<00 - The weak form of Wiener-Levy 
theorem for B v k algebras is established in Section 4. The Schatten-von Neumann 
class properties for pseudo-differential operators with symbols in the spaces B v k are 
presented in the last section. 

2. The spaces B k = B 2 , k 

Let m be an integer > or m = oo. We shall use the following standard 
notations: 

BC m (R") = {/ G C m (R") : / and its derivatives of order < m are bounded} , 



\\ BC i= max sup 

3< l a;eR" 



f U) (x) 



< oo, I < m + 1. 



Definition 2.1. Let k be a positive measurable function defined in R™. Then: 

(a) k will be called a temperate weight function if there are positive constants C 
and N such that 

(2.1) k(Z + r))<(l + C\t\fk(ri), S,T)€R n . 

The set of all such functions k will be denoted by IC (R™). 

(b) k will be called a weight function of polinomial growth if there are positive 
constants C and N such that 

(2.2) k[H + fi)<C{l + \i\fk{ri), £,rjeR n . 
For a weight function of polinomial growth k, we shall write 

M fc (0 = sup^±5), feK". 

This means that Mk is the smallest function such that 

k(^ + v )<M k (Ok( v ), eR". 
It is clear that M k is submultiplicative, 

M k (Z + V )<M k (Z)M k (r)), £, ?y G R", 
and since M k (£) < C (1 + |£|) this implies that 

l = M fc (0)<M fc (O, £eR". 

In fact, for every positive integer v we have 

1 = M k (0) < M k (0" M k (-^) < CM k (tf {1 + v \Z\f 

and if we take f th roots in this inequality and let v — > oo, the estimate follows. 
Let k G K (R n ). From definition we deduce that 

(i + c\z\y N <^j^<(i + c\z\f , e^er. 

Now if we let £ — > it follows that k is continuous. If we take 77 = we obtain the 
estimates 

k (0) (1 + C \Z\)- N <k(0<k (0) (1 + C \£\) N , £ G R™. 

Submultiplicative property of M k and M k (£) < (1 + C\^\) N implies that M k G 
JC (R n ). In particular, M k is continuous for every k G /C (R"). 
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Lemma 2.2. Let k be a weight function of polinomial growth. Then for every 5 > 
we can find a function ks G K, (R") and a constant As such that 

l<k s (0/k(0<A s , eel", 

and Mk s — > 1 uniformly on compact subsets o/R n w/ien <5 — > 0. 

Proof. We shall set 



Then we have in view of (12.2 



k s (0 =supe- d| " l fc(e-r;) = supe-' 5 ^- T 'lfc (77) 



fc (0 < to (0 < sup e' 5 ^C (1 + M)" fc (0 = A 5 fc (0 

V 

where A 5 = Csu Pl; e — (l + M)^. 

In order to prove that ks S /C (M™ ) we note that 



+ = supe^fe + 77) <sup e - 5| " l C(l + |e , |) fc(e-ry) 

= C (1 + le'l)^ sup e-^lfc (£ - ry) = C (1 + IC'I)^ *i (0 

We also note that 

Mf + O = supe-' 5 l« + «'- ? 'lfc(?7) 

< e' 5 l«'lsupe-' 5| ^" l fc(?7) = e^'lfo (£) 
»; 

Hence 



)V e d l s 'lcar B (0 + C(l + ^|fcar CB (a 



where B = {£ : |£ < 1} and Cs — max j^e$, 2 ■ — 1 j > 1. Here we used the 
elementary estimates 

c nt £ 

< t < 1 e^* - 1 = — / e^ r dr < — e^i < C ff t => e 5 * < (1 + Crf)* , 

iV Jo N 

and 
Since 

l<M fca (O^sup ^f ±p <e^1, 

Mfej — > 1 uniformly on compact subsets of 1" when S — > 0. The proof is complete. 

□ 
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Definition 2.3. If k <E JC (R n ) and 1 < p < oo, we denote by B p , k (R") the set of 
all distributions u G S 1 such that u is a function and ku G L p . For u G B p%k (R n ) 
we define 

\\ u \\p,k = IIMIp < 00 

Lemma 2.4. Let k € /C (M n ) and C, N the positive constants that define k and 
1 < P < oo. Let m k = [N + ^±1] + 1 and l k = [N] + n + 2. 

(a) If x £ if^" 1 i/ien /or every u G -B Pi fc (R n ) we have x u £ -Bp.fe (R™) and 
IMU ^ (27rr n ||M fc x|| 1 ||u|| p , fc =C(fe s n, X )||«|| Pifc 
< C{C^,n)\\ X \ HN ^\\u\\ pM , 

where 

C(k,n, X ) = (27r)- n \\M k x\\ 1 <(27r)- n ^l M k ( V )\x(v)\dV 



< {2ir)- n {max{l,C}f 2 N ' 2 (•) 



C(C,N,n)\\x\\ 



H 



Here H m (R™) is the usual Sobolev space, m G R. If X ^ H mk , then 

\\ X u\\ Pjk <C(C,N,n) I £ I|0 Q X|| L * J H«ll,,fc- 
y|Q|<m fc y 

(b) If x € C (R™) is Z™ -periodic, then for every u G -B Pi fc (R™) we /iawe x M £ 
B p . k (R n ) and 

\\xu\\ p , k < Cst (C, N, n) \\ X \\ BClh (ffin) \\u\\ p<k . 

(c) I/l/fc G L p ' (R n ), l/p+ 1/p' = I, then B Pik (R n ) G T~ 1 L 1 (R n ) C (R"). 

Proof, (a) Since 5 (R n ) is dense in 7?^+^ (R n ), we can assume that x G 5 (R n ). 
We know from Theorem 10.1.15 in Hormander |Hol] vol. 2 that 

IWU<(27r)- n ||M fc x|lxH Pifc . 

Since 

M fe (£) < (1 + C 1^1)^ < 2^ 2 (max {1, C}f (Q N , 
Schwarz inequality gives the estimate of C (k, n, x) 

C(k,n, X ) = (27r)- B HMfcxIli < (2^)"" (J M k ( V ) \ ( V )|d/, 

< (2 7 r)- n (max{l,C}) JV 2 w / 2 ('| (r,f \x(v)\ dt?) 

< ^""(max^C})^/ 2 (.p 
= C(C,iV,n)||x|| ffJV+ ^i , 

with ||x|| hJV+£ ±i < Csi (E| Q |< mfc l|5 a xl| i2 ) when X G (R»). 

(b) We shall use some results from |Holj vol. 1, pp 177-179, concerning periodic 
distributions. If x G C lk (R n ) is Z"-periodic, then 



L1 \\x\\ hN+ *±i 



E 



3 27ri<-, 7 > 



C-y, 
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with Fourier coefficients 



„ t - jx(x)e- 2 ^^x, l = [0,l) n , 7 eZ", 
satisfying 

\c 7 \<Cst ||xll BC « fc( R») {^i)~ lk , 

Since e^'^u = u(- — i]), multiplying by fc (£) and noting the inequality fc (£) < 
Mk [f]) k(£ — r)), we obtain 

fc(Oe^u(0| < M k (ri)\k(Z-ri)u(S-ri)\ 

< 2 N ' 2 (max {1, C}f ( V f \k{£-ri)u(t-ri)\, 

and 

<2 N / 2 (max{l,C})%> W |M| p , fe . 



\\n P , k 



It follows that 

|MU < C a t.2 JV / 2 (n UU c{l,C}) JV ||x|| BC . fc(R » ) ( ^(2^)^(2^ 

\ 7 ez™ 

< Cat- 2*/ 2 (max {1,(7})" ( ^ (27T7)-"- 1 I ||x|| BC „ (r») IMI p , fc • 

\ 7 GZ™ / 

since Ik = [N] + n + 2. 

(c) Let u G B p , k (R n ). If 1/fc e L p ', then u e L 1 (R n ) since 1/fc G L p ' (R n ), 
fcu G L p (R™) and l/p+ l/p' = 1. Now the Riemann-Lebesgue lemma implies the 
result. For x G R™ we have 

\u{x)\ < (27T)-" llnlL, < (27T)-" H^ 1 !!^ ||fc£|| LP = (27T)-" Hfc-l^ ||«|| P)fc . 

□ 

Lemma 2.5. Let ip e S (R n ) and 6 G [0, 2tt]™. If 

7 ez™ 7 ez™ 

(pe = vo = (27r) n E £ (2tt7 + 0) S 2lT j+0- 

7 ez™ 

Proof. We have 

W = S ei<7,9 V (' - 7) = ei<7 ' 8><5 7 * V = <P * (e i( '' 0> 5) , 

7 6Z™ 7 6Z" 

where S = X) 7 ez™ &t We a PP^y Poisson's summation formula, T (^ 7 ez™ ^y) = 
(2n) n Ys-yei,™ ^27t 7 , to obtain 

^ = (e^^S) = (p-T B S= {2n) n ip ^ 5 2 ^ +e 

7 GZ" 

= (2^) n ]T £(2^ 7 + 0)<5 2T7+e . 

7 eZ" 
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□ 

Above and in the rest of the paper for any x £ R™ and for any distribution u on 
R™, by t x u we shall denote the translation by x of u, i.e. t x u = u (• — x) = 5 X * u. 

Notation 1. For k in K (R n ) we denote by B k (R™) the Hilbert space B 2 , k (R"). 
W^e s/iaH wse |H|g fc /or the norm ||-|| 2 fe . 

As we already said the techniques of Coifman and Meyer, used in the study of 
Beurling algebras and B u (see [Co-Me] pp 7-10), can be adapted to the case 
spaces Bk (R ra ) = i?2,fc (R n ). An example is the following result. 

Lemma 2.6. Let k £ /C(R n ). Let {w 7 }^ £Z „ be a a family of elements from 
B k (R n ) n (R n ), w/iere K C R" is a compact subset such that (K - K) n Z n = 
{0}. Pitt 

it = V] r 7 u 7 = tt 7 (■ - 7) = V" 5 7 * u 7 e P' (R n ) . 

7 gz™ 7GZ" 7GZ" 

Then the following statements are equivalent: 

{a.)ueB k (R n ). 

( b ) E 7S Z" IKIl|„ < 00 ■ 

Moreover, there is C > 1, which does not depend on the family {u 7 } eZ „, suc/i 

(2-3) C" 1 !!^ < KIIb>) <C||n|| Bfc . 

\ 7 ez™ / 

Proof. Let us choose ip £ (R™) such that if = 1 on K and suppi/? = X' satisfies 
the condition (K' - K') n Z n = {0}. For £ [0, 27r]™ we set 

7SZ™ 7 €Z™ 

Ue = ^ e i<7 ' e) T 7 u 7 = 5^ e i(7 ' e> <J 7 *u 7 . 

7 eZ" 7 GZ™ 

Since (K' - K') n Z" = {0} we have 

ug = (peu, u = tpgu-g. 

Step 1. Suppose first that the family {u 7 }^ eZ „ has only a finite number of non- 
zero terms and we shall prove in this case the estimate (|2.3[) . Since ug, u £ £' (R n ) C 
S' (R n ) it follows that 

Ug = (2ir) n Vg *u, u = (2tt) " Vg * u~g, 

where Vg = tpg = (27r) n X) 7 ez™ (2t7 + 6) 02^7+0 is a measure of rapid decay at 
00. Since ug, u £ C^ ol (R n ) we get the pointwise equalities 

«fl(0 = H (?(27r 7 + 0)u(e-27r 7 -0), 

7SZ" 

u(£) = 51 ^(27T7 + 0)u-e(^-27r7-6l). 

7 eZ" 
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Multiplying by k (£) and using the inequality k (£) < M k (2wj + 0) &: (£ — - 
we obtain 

k (0 \ug (01 < E M fe ^ + ) 1^ ^ + ) I 

7 ez™ 

• fc (£ - 2tt 7 - 6») |u (£ - 2tt7 - 0) | 

and 

fc(0S(0< E Mfe (2^7 + ^)1^(2717 + 0)| 

7 GZ" 

• fe (£ - 2tt7 - 6>) (£ - 2tt7 - 0)| 

It follows that 

IKH Bfc = \\ku e \\ L2 

< ( ^ M fe (2717 + 0)1^(2717 + 0)| \\ku\\ L2 
\ 7 eZ" / 

^ M fe (27T7 + 0)|£(27r7 + 0)| \\u\\ Bk 

Cfe, v IMI Bfc 



and 



||«|| B , < E Mk (27T7 + ^)|^(27r7 + 0)| Hu-fllls, 
\ 7 ez- / 

= C k ^ \\u- e \\ Bk , 
where = X) 7 ez- ^ (2 ?r 7 + 1^ (2tt7 + 0) | < oo because 

M k (0 < (1 + C |£|)" < 2 W / 2 (max{l,C}) iV • 
The above estimates can be rewritten as 

| \k(0u e (0\ 2 ^ < C% iV \\uf Bh , 

\\nf Bk < Cl v J \k(0u-e(0\ 2 ^- 
On the other hand, the equality ug = X) 7 ez™ e^'^r-yit-y implies 

no (0 = £ e 1 ^"^ (£) 

7 GZ™ 

with finite sum. The functions — > (0 are in L 2 ([0, 27r]™) and 

(27r)- n / i« ±e (e)i 2 d0= ]T imoi 2 - 
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Integrating with respect 9 the above inequalities we get that 

E Kill* ^ c i v \\ u \\l k . 



\\uf Bk < ci v II " 



2 ^ ^2 V- „.. ||2 

7 ez™ 



5iep I?. The general case is obtained by approximation. 

Suppose that u £ ft (R n ). Let ip £ (R n ) be such that ip = 1 on B (0, 1). 
Then V> £ u ^ u in ft (M™) where ?/; £ (a;) = "0 (e^), < e < 1, x G M™. Also we have 

Wu\\ Bk <C{k^)\\u\\ Bk , 0<e<l, 

where 

C(M) = (2tt)-" sup f f M k (r,)e- n $( V /s) d v ) 

0<e<l \J J 

< (2iry n 2 N / 2 (max{l, C}f sup ( f (e V ) N dri] 

0<e<l \J J 

< (2 7 r)-"2 Ar / 2 (max{l,C}) Ar (| ( V f \$ d„) . 

Let m £ N, m > 1. Then there is e m such that for any e £ (0, e m ] we have 

1p E U— E] T 7 U 7 + E] T 7 ((t_ 7 ?/> £ ) U 7 ) . 
| 7 |<m finite 

By the first part we get that 

E Kllk <^ll^llk <c fc 2 v c(fc,v) 2 IMIe fc - 

| 7 |<ro 

Since m is arbitrary, it follows that X) 7 eZ" H u 7lle fc < 00 • Further from 

E Kllk < G fe 2 , v ll^llk , o< £ < £m , 

1 7 1 < rn 

we obtain that 

E \KWl k <Cl v \\u\\l k , Vm G N. 

|7|<m 

Hence 

E Kill, Nik- 

7 ez™ 

Now suppose that X) 7 ez™ ll u 7lle fc < 00 ■ ^or ™ £ N, m > 1 wc put u (m) = 

E| 7 |<m T 7 U 7- Then 

\\u(m+p) -u(m)\\ 2 Bk <Cl v E IKHb* 

m<|7|<m+p 

It follows that {u(m)} m>1 is a Cauchy sequence in ft (R"). Let v £ Bk (R™) be 
such that u (m) — > v in ft (R n ). Since w (m) — >• u in 2?' (R n ), it follows that u = v. 
Hence u (m) — > u in ft (R n ). Since we have 

||« Mll^ < C fe % E KHb* ^ ^ E 1Mb* ' Vm G N. 

|7|<m 7GZ" 
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\uf Bh <cl ¥ Y. KHz 



we obtain that 



□ 

To use the previous result we need a convenient partition of unity. Let m G N 
and {xi, ...,x m } C R" be such that 



[0, 1]" c 



1 2 

3' 3 



U ... U x m + 



1 2 

3' 3 



Let heC£° (R"), h > 0, be such that ft=lon [|, §]" and supp/i C [|, §]". Then 

(a) H = J2Zi E 7eZ " r 1+x Ji G £C°° (R") is Z"-periodic and H > 1. 

(b) hi = ^e C °° (K n ), > o, supp/i, c [i, |] n = i^i, (Jfj - *Q)nZ" = 
{0}, i = 1, ...,m. 

( c ) Xi = L 7 ez™ r 7^ e is ^"-periodic, i = 1, ...,m and X» = 1- 

(d) h = YZi hi 6 C °° (R n ), h>0, E 7eZ " ^ = L 

A first consequence of previous results is the next proposition. 

Proposition 2.7. Let k G K (W 1 ) and C, N the positive constants that define k. 
Let m k = [N + *±1] + 1. Then 

Proof. Let u G (R n ). We use the partition of unity constructed above to obtain 
a decomposition of u satisfying the conditions of Lemma l2.6l Using Lemma l2~4"l fc). 
it follows that \i u G &k (K™), z = 1, ...,m. We have 

u = ^XiU 

i=l 

with 6 (R™), 

Xiu = T i i h ^-< u ) , h ^-i u e s fc (R n ) n (K n ) , 

7 ez™ 

(Ki - Ki) n Z" = {0} , i = l,...,m. 

So we can assume that u G Bk (R" ) is of the form described in Lemma 12.61 
Let t/j 6 BC mk (R n ). Then 

IpU = V T 7 U 7 = J]] T 7 { 1 P-y' u "y) 

7 ez™ 7 eZ" 

with tpy = cp (t_ 7 -0), where G (R™) is the function considered in the proof of 
Lemma [2761 We apply Lemma l2~6l and Lemma \2. 41 (a) to obtain 

Uu\\l k <ci v ii^nj 

7 eZ" 

and 



11^7^7 ll B * - Cst \ Yl H 9 " (V( T -7^))IIL2 , 
\l«|<m-* 

< Cst\\tp\\ Hmk \\i;\\ Bcmk \\u 7 \\ Bk , 7^" 
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Hence another application of Lemma 12.61 gives 

\\im\\l h < Gst\M 2 Hmk UWIc-h E II 

u 7llB fc 

< CstM 2 Hmk Ml cmk \\uf Bh . 

Corollary 2.8. Let k E K (K"). Then 

BC°° (R n ) ■ B k (R™) C B k (R") . 

3. The spaces B v k 



□ 



We begin by proving some results that will be useful later. Let ip,ip € Cg 
(or (p,ip eS (W 1 )). Then the maps 

R" x R" 3 (x, y)^><p (x) i/j(x- y) = (<pr v il>) (x) e C, 
K"xR" 9 {x,y)-l+<p(y)rl>{x-y) = <p(y)(T v tl>)(x)eC, 
are in (R n x R") (respectively in S (R n xi")). To see this we note that 
/ = (</? <g> ip) o T, g = (ip ® V) o 5 

where 

T : R™ xR"4 R n x R n , T (x, y) = (x, x — y) , T = ( * _° 



5 : M"xr4l"xK", S(x,y) = (y,x-y), S = 



I 

1 -I 



Let u e V (R n ) (or u £ S' (R™)). Then using Fubini theorem for distributions 
we get 

= ((u ® 1) (x, j/) , <y9 (ar) ip (x — y)) 
= ( u 0) i (1 (y) . V 0) V' - 2/))) 

= (« («) , v («) (! (y) , V> - y))) 



u (x) , <p (x) I ip(x-y)dy 
ip ) (u, ip) 



and 



(u®l,/) = (l(y),(u(x),(p(x)ij(x-y))) 
(u, (fTyip) dy. 



It follows that 



valid for 

(i) weP'fr^^e^fr); 

(ii) u eS'(R n ), <p,il> 6 5(1"). 
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We also have 

(u®l,g) = {{u ® 1) (a;, y) , <p (y) ip (x - y)) 

= (u(x),(l(y),v>(y)ip(x-y))) 

= (u(x),(ip*i>)(x)) 



and 



(u®l,g) = (l(y),(u(x),<p(y)i>(x-y))) 
= J ' <fi(y) (u, Tytp) dy. 



Hence 



(u 



,<P*4>) = J <P{y) (u,T y ip)dy 



true for 

(i) u e V'(M. n ), ip,ipe 
(ii) u g S'(R n ) , <p,i> e 



Lemma 3.1. Let p, ip G (R™) (or <p, ip G S(R n )) and u £ £>' (R™) (or u G 
S'(R n )). Iften 

(3-1) ^ i/^(u,<p} = J (u,pT y ip)dy 

(3.2) {u,<p*ip) = J ip (y) (u, T v i>) dy 

If £i, ...,£„ is a basis in R™, we say that T = ©™ =1 Zej is a lattice. 

Let T C R" be a lattice. Let ip G <S(R"). Then E 7 er T 7^ = E 7 er^(- -7) 
is uniformly convergent on compact subsets of R". Since d a ip G S (R™), it follows 
that there is * G C°° (R rl ) such that 

* = E T ^ = E^('-7) inC°°(R n ). 
7 er 7 er 

Moreover we have t 7 ^ = ^ (■ — 7) = \& for any 7 G L. From here we obtain that 
* 6 i3C°° (R"). If (y) ^ for any y G R", then £ G £C°° (R n ). 
Let G «S (R™). Then 

7 er 

with the series convergent in 5 (R™). Indeed we have 

J2(x) k \d a ip(x) 8^(x-j)\ 
7 er 

< sup(y) n+1 \d^(y)\ E (^) fc 0°V(aO <*-7>" n_1 | 



7 er 

< 2^ sup (y) n+1 (y)| sup |9> (z)| ]T (7>"" _1 

v z 7 er 
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This estimate proves the convergence of the series in S (M. n ). Let \ be the sum of 
the series X) 7 er f ( T i' l l J ) m $ (R™)- Then for any y G R™ we have 

x(y) = (s y ,x) = (^y^V^-r^ 
7 er 7 er 

= ?(y)*(y)- 

So ¥>* = E 7e r^KV) in5(R"). 

It ip,ip £ Cq° (R™) and 5 (R™) is replaced by (R™), then the previous obser- 
vations are trivial. 

Lemma 3.2. Let u G V (R™) (or u G 5' (R™)) and G C§° (R™) (or V, <P G 
<S (R™)). TTien * = £ 7er r 7 V> G BC°° (R™) is r -periodic and 

(3.3) (u, *p) = ^ (u, (t 7 ^) • 

7 er 

Lemma 3.3. (a) Let X G 5 (R™) and n G 5' (R n ). T/ien x« G S' (R™) n (R™). 
In fact we have 



(b) Let u G V (R™) (or u G <S' (R™)) and x G C§° (R n ) (or x G 5 (R")). Then 
R" xM"3 (y, -+ t«vx (0 - («, e-^x (• - »)) G C 
is a C°° -function. 

Proof. Let g:i;xl^B,g (x, = (a;, 0- Then e" 19 (u ® 1) G 5' (r™ x R^ . 
If (p G S (m.fj , then we have 

(e- iq (u® 1),X®<P) = (u® l,e- iq ( X ® <P)) 

= («W,(iK),e-*« x (^K))) 

= (u, X<?) = (xu, <p) 

and 

(X~u,<p) = (e- iq (u(g,l), 



This proves that 



l(0,(u(x),e- i ^x(x)^(0 

l(e)^(0(e- i( -' ?> «,x)) 
= J<p(d)(e- ±U) u,x)dZ 

Xu(0 = (e- i{ -> () u,x), 
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□ 



Let ueV (M™) (or u G S' (M™)) and x G (R n ) \ (or x G 5 (M") \ 0). Let 
X G (K") (or x G S (Hr))and ip G C£° (R"). By using (JSHJ) we get 



(ur 2 x, <£>) = 



Ml* 



\\x\\l* 



(utzX, (r v x) ( T vX) ¥>) dy 

(UTyX, (TzX) (TyX) <f) dy, 



\(UT ZX ,<P)\ < — ~ 



\ UT yX\\ Bk \\{TzX) {t v x) V|| B 



Let L C R n be a lattice. Let u G V (R™) (or u G 5' (R™)) and let x G C£° (R n ) 
(or x G<S(R")) be such that 

* = *r, x = ]T |r 7 x| 2 > 0. 

Then f,| G £C°° (E n ) and both are T-periodic. Let x G Cg° (M n ) (or x G 5 (W 1 )). 
Using (|3.3p we obtain that 



UTzX,<P) = \ UT ~tXi ^ fox) ( T *x) <?) , 



7er 



< C*^ ||iir 7 x|| e J|(r 7 x)(^x)^ll 
7er 



In the last inequality we used the Proposition 12 . 71 and the fact that -^ G BC°° (R n ). 

If (Y, fi) is either R™ with Lebesgue measure or L with the counting measure, 
then the previous estimates can be written as: 



\{ut zX ,(p)\ < Cat J \\uT y x\\ Bk \\{t z X) { T yX)v\\ Bl/k (y) 

We shall use Proposition 12.71 to estimate ||(r z x) {t v x) vIIb-, /, ■ Let us WT1 ^ e m k 
for [AT + nil] + i. Then we have 



1/fc 



\(T z x)(Tyx)v\\ Bl/k <Cst sup |(M^(^x))|IMI 2 



\a+p\<m.k 

There is a continuous seminorm p = p n ^ on S (R n ) so that 

IM^M^x) (*)| < p(x)p(x)(a;-2) _2(n+1) ^-y>" 2(n+1) 

< 2 n+1 p (x) P (x) (2x-z- yy 71 - 1 (z - y)-^ 1 

< 2 n+1 p(x)p(x){z-vr n ~\ \a + (3\<m k . 

Here we used the inequality 

w -2(«+l) ^-2(„+l) < 2 „+l ^ + y pn-l ^ _ yyn-1 ^ ^ y g Rm 
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which is a consequence of Peetre's inequality: 



(X + Y) n+1 < 2^ {X) n+1 (Y) 
(X - Y) n+1 < 2^ (X) n+1 (Y) n+1 



\n+l 



Hence 



^ _|_ yy l+1 — Y) n+1 < 2" +1 (x) 2(,n+1 ^ (Y) 2( - n+1 ^ 



sup | ((r z d a x) M"x)) | < 2" + V,fc (x>n,fc (x) <* - 2/} 

|a+/3|<m fc 



-n-1 



ll(^x)(T!/X)vll BlA < C(n,k,x,x)(z-V) " 1 IMIs 1/fc . 

I(wt z x,^}| < c(n,fc,x,x) (^J^xlk (z-yy^^iy)^) 1Mb 



■1/k 



The last estimate implies that 

\\uT z x\\ Bk < C (n,k,x,X) 



\ UT vX\\ Bk (z-y) " dn(y) 



Let 1 < p < oo. If (Z, u) is cither R™ with Lcbesgue measure or a lattice with the 
counting measure, then Schur's lemma implies 



a 



\\ur z x\\ P B dv(z)) <C'(n,k, X ,x) (•) 



-n-1 



L 1 



ll^xlle.d^ (y) 



For p = oo we have 

sup \\uT z x\\ Bk < C" (n, k, x,X) O^™" 1 



L 1 



SUp||wT y xll 



By taking different combinations of (Y, ji) and (Z, v) we obtain the following result. 

Proposition 3.4. Let k G JC (M. n ) and C, N the positive constants that define k 
and 1 < p < oo. Let u G V (R™) (or u G S' (R rl )) and x G (R") \ (or 

xe5(i")\0). 

(a) IfxeCfi (R") (or x e 5 (R")) ; tfien t/iere is C (n, k, X ,x) > such that 

(^f \\ UT vX\\ Bk d y^j < C{n,k,x,x) ^ \\uT v x\\ P Bk dy 
sup\\uTyx\\ Bk < C(n, k,x,X) sup \\uT v x\\ Bk ■ 

V V 

(b) If T C R" is a lattice such that 

* = *r, x - £ |r 7 x| 2 > 

and x € C§° (R™) (or x G 5 (R")) ; t/ien t/iere is C (n, fc, T, x,x) > such that 



J \\uTyxt Bk dVj ' < C(n,k,r,x,x)r£\\uT 7 x\\ 



p 



sup\\uTyx\\ Bk < C (n,k,T,x,x)snp\\uT 1 x\\ Bk ■ 
y 7 
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(c) IfT C K" is a lattice and \ & Cg° (R™) (or x S <S(R n )), i/ien i/iere 
C (n, fc, r, x,x) > such that 

E ll U7 7Xlls» j < C (n, k, f, x,x) (y ||«r„x||^ " - 
sup||uT 7 x|| Bfe < c(«,fc,f,x,x)sup||wryx|| Bfe - 

7 3/ 

(d) IfT,T C R™ are lattices such that 

* = *r, x = E l r 7X| 2 > 



is 



-rer 



and x e Cg (R n ) (or x e 5 (R™)), i/ien i/iere is C (n, k,T, T, x,x) > such that 



£lKxll£j < c(n,k,r,r, x ,x) £ 

V7£f / W 



\ UT iXf Bk 



sup||ti7^x|| B < C (n,fc,r,r,x,x) sup ||wr 7 x|| efc • 

7 V ' 7 

Definition 3.5. Le£ 1 < p < oo, k £ K,(W l ) and u £ V (W 1 ). We say that u 
belongs to B k (R™) if there is x & Cq° 0^™) x swc ^ ^ e measurable function 
MP 3 y -)■ 11^x11^ G R 6eZon ff s to We put 

IMI fe , P , x = H UT yXlle fe d y) > l<P<oo, 

ll u llfc,oo, x = IMLui.x = SU P W UT vX\\ Bk ■ 

V 

Proposition 3.6. (a) The above definition does not depend on the choice of the 
function x £ Of (R n ) \ 0. 

(b) Ifx £ Of (R n ) \ 0, then \\-\\ kpx is a norm on B p k (R n ) and the topology that 
defines does not depend on the function x- 

(c) Let r C R™ be a lattice and x £ Co° (M. n ) be a function with the property that 

* = *r, x = £ l T 7X| 2 > 0. 
7er 

Then 

B£(R n )9u-J (£ 7 er H^7Xll^) " 1 < p < oc 

[ SUp 7 ||MT 7 x|[g fc p=CO 

is a norm on B v k (R™) and the topology that defines is the topology of B k (R n ). We 
shall use the notation 

= \ (E 7 erll UT 7XllB fc ) P l<P<oo 
sup 7 ||ur 7 x|| efc p = oo 

(d) Ifl<p<q<oo, Then 
S (R n ) c B\ (R n ) c B p k (R n ) c B q k (R™) c Bf (R™) c 5' (R™) . 



IMIk,p,r, x 
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(e) Ifk',k G /C(R") and k' < Cst ■ k, then B v k (R n ) C Bg, (R™). 

(f) (B p k (R n ) , ||-|| feiPiX ) «s a Banach space. 

(g) // 1/jfc G L 2 (W 1 ), then Bf (R n ) C BC (R n ). 

Proof, (a) (b) (c) are immediate consequences of the previous proposition. 

(d) The inclusions B\ (R n ) C B£ (R n ) C (R™) C (R™) are consequences 
of the elementary inclusions I 1 C l p C l q C l°° . What remain to be shown are 
the inclusions S (R n ) C B\ (R"), (R n ) C S'(K n ). Let u £ (R n ), x G 
C£° (R™) \0and^eC o °° (R n ). We have 

= 77-3- / (r a x) (TyX) V?) % 



llxlli- 

1 

IWI^ 



\{u,<p)\ < —-T- / K^X^xMldy 

llXllza 



< 



11 2 



\ UT vX\\ Bk W ( JyX)v\\ Bl/k dy 



^ ^—[2- ll w llfe,oo, x / \\{ T yX)v\\ Bl/k ^V 



llxll 



L- 



We shall use Proposition 12 . 71 to estimate ||(T y x) v\\ Bl/k - Let X G C5 (R n ), x = 1 011 
suppx ■ If rrik = [N + ^J^l + 1, then we obtain that 

\\(TyX)<P\\ Bl/h < C sup \(d a ^(T y d^x)\\\r y x\\ Bi/k 
= C sup |(9»(r^x)|llxll Bl/ii - 

\a+P\<rn k 

Since X: f G 5 (R n ) it follows that there is a continuous seminorm p = p nj k on 
5 (R n ) so that 

|(d»(v^x)(z)| < P^)p(x)^-j/)" 2( " +1) (^)" 2(n+1) 

< 2"+ 1 pMp(x)(2x-j/)- ( " +1) ( 2 /)- ( " +1) 

< 2" +1 P MpM(1 ( " +1) , |a + /3|<m fe . 

Hence 



1 



\(u^)\<2^C—-^\\u\\ k ^ x rl llx|| BlA P(x)p^). 

IIXll/,2 

If u G 5(R n ), x G (R n ) \ and x G C(f (R n ), x = 1 on suppx, then 
Proposition ^ . 71 and the above arguments imply that there is a continuous seminorm 
V = Pn.fc on S (R™) so that 

\\(TyX)u\\ Bk < C SUP |(3 Q M )(T^x)|l|T,xll efe 

\a+f3\<m k 



C sup |(9 Q W )(r,^x)| 

Q+/3|<m fc 



< 2»+ 1 Cp( M )p(x)( 2 /)- ( " +1) ||xll Bfc 
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Hence u G B\ (R n ) and 

-(n+l) 



(■)~' n+1 > rl \\x\\ Bk P(u)p(x) 



(e) is trivial. 

(f) Let {u n } be a Cauchy sequence in B p k (R™). Since B{ (R") C <S' (R™) and 
5' (R™) is sequentially complete, there is u G S' (R n ) such that ti„ — > u in 5' (R™). 

Let r C 1" be a lattice and x G (R") be a function with the property that 

* = *r, x = £ |r 7X | 2 > 0. 

Then for any 7 G L there is u 7 G Bk (R n ) such that u„t 7 x ->• "7 in #fc (R n ). As 
u„ — > ?i in 5' (R™), it follows that u 7 = ur 7 x f°r an Y 7 G L. 

Since {«„} is a Cauchy sequence in B k (R™) there is M G (0, 00) such that 
||u„|| fe p r < M for any n G N. Let e > 0. Then there is n e such that if m, n > n s , 
then \\u m - u n \\ k pX x < e. 

Let Fcfa finite subset. Then 



v7 eF / \7eF / \7eF 

< W UT ^ - u ^x\\ P Bk + M 

\ieF J 

By passing to the limit we obtain (j2^ eF ll UT 7Xllg fe ) " < M for any FcTa finite 

subset. Hence u G B p k (R n ). 

For Fcfa finite subset and m, n > n F we have 



W UT iX - U « T 7Xllg fc 



176F 



y 7 GF 



By letting m — > 00 we obtain ^X) 7 gf ll UT 7X — u « T 7XllB fc J ? < £ for any F C F a 



finite subset and n> n E . This implies that u n — > u in (R n ). The case p = 00 is 



even simpler. 
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(g) If 1/fc e L 2 , then B%> (R n ) c BC (R"). Let x € Cg° (R n ) such that x (0) = 1. 
Then for ieR" 

= \ut x x(x)\ < (2tt)~™ ||mt^x|| l i 

< (27r)~™ ||l/fc|| i2 IIut^xuIIb, 

< (2ny n \\1/ k\\ L2 sup \\uT yX \\ Bk 

V 

= (27r)- n ||l/fc||^||«|| fci00iX . 

□ 

Remark 3.7. The spaces B v k (M n ) are particular cases of Wiener amalgam spaces. 
More precisely we have 

B\ {R n ) = W{B k ,LP) 

with local component Bk (R n ) and global component LP . Wiener amalgam spaces 
were introduced by Hans Georg Feichtinger in 1980. 

Now using the techniques of Coifman and Meyer, developed for the study of 
Beurling algebras A u and B u (see [Co-Mej pp 7-10), we shall prove an interesting 
result. 

Theorem 3.8 (localization principle). B k (R n ) = B\ (R n ) = W (B k ,L 2 ). 

To prove the result, we shall use the partition of unity built in the previous 
section. Let m £ N and {xi, ...,x m } C R™ be such that 



[0, if c Xl 



1 2 

3' 3 



U ... U X m + 



1 2 

3' 3 



Let heC^ (R™), h > 0, be such that ft=lon [±, §]" and supp/i C [|, §]". Then 

(a) H = YX=i E 7 ez- T 7+^ e £C°° (R n ) is Z n -periodic and H > 1. 

(b) hi = ^e C °° (R n ), /* > o, supp/i, c [i, |]" = jq, (jci - Ki)nz n = 

{0}, i = l,...,m. 

( c ) Xi = S 7 gZ" T i h i e ^ CO ° is ^"-periodic, i = 1, ...,m and YhLi Xi = 1- 

(d) ft = E™ i fti e C °° (R»), ft > 0, E 7eZ " ^ = L 

Lemma 3.9. B\ (R n ) c B k (R n ). 
Proo/. Let it e Sf (R n ). We have 



Since u <E Bf, (R™) applying Proposition 13.41 we get that 

^ ||(T 7 ^-H|g fc < oo. 

7 ez™ 

Using Lemma [2~B1 it follows that Xj u G ^fc (R n ) and 



EII( t A>IIbJ <QNI 



A. 2 
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where ||-|| fe 2 is a fixed norm on B\ (R n ). So u = YT=i Xj u G Bk (R n ) and 



Mk<£iixi«ii s >< E c i|N 

3=1 \3=1 



fc.2 



□ 



Lemma 3.10. B k (R n ) C B\ (R"). 

Proof. Then the following statements are equivalent: 

(i) u e B k (R n ) 

(ii) Xj u G ^fc (K n ), j = 1, m. (Here we use Lemma [HI] (b)) 

(iii) |||(t 7 /Ij) ^IIb^} G ^ 2 (Z"), j = 1, m. (Here we use Lemma 
Since ft = Ylj=i an d 

m 
3=1 

we get that {||(r 7 ft) ) G 2 2 (Z rl ). Since ft = £™ hj G C5 (R n ), ft > 0, 
E 7 ez*> T 7 ft = 1 it follows that u G B\ (R n ) and 



IMIfc,2.h 



7 ez* 



< 



{||(r 7 ft)u|| Bfe } 

£ {llMi)«ll B J 



3=1 



7« 



(2(Z») 



£ 11^3 
3=1 



«|| Bfc <C**N| Blt 



□ 



Lemma 3.11. If 1 < p < 00, then S (R n ) is dense in (R n ). 

Proof, (i) Let V G (R") be such that -0 = 1 on 5(0,1), ^ (x) = ip(ex), 
< e < 1, x G R™. If u G 6 fe (R™), then -)• u in B k (R"). Moreover we have 



Wu\\ B <C{k^)\\u\\ B . 0<e<l, 



where 



C(fe,V) = (ikr) - " sup ( I M k ( V )e- n i>(r,/e) 

0<e<l 



dlj 



= (2 7 r)-"2 A '/ 2 (max{l,C}) Ar sup (7 ^ (ry) 

0<e<l \J 

< (2 7 r)-"2 w / 2 (max{l,C}) Ar (| 1 fa) | dry) . 



di] 
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(ii) Suppose that u <E B k (M. n ). Let f C Z" be an arbitrary finite subset. Then 
the subadditivity property of the norm implies that: 



v7 eF / \ 7 eZ"\F 



E \\ UT "<x\\ p Bk 

. 7 GZ"\F 



< £ ||^«r 7 x - ur 7 x||^ + (C (k, i>) + l)[ £ ||«T 7X ||S, 

\ 7 SF / \ 7 <EZ"\F 

By making e — s- we deduce that 



Iimsup||^u-«|| fciI , iZBiX <(C(fc,V) + l) [ E H MT 7Xll^ 



for any F C Z™ finite subset. Hence lim^o V ;£ ' lt = u in B k (W l ). The immediate 
consequence is that 

(iii) 8 ' (E n ) n (E n ) is dense in (R n ). 

(iv) Suppose that u e £' (M n )nSf (M n ). Let ^eC °° (K n ) be such that supp^ c 
5(0; 1), / <p(x)dx — 1. For e e (0,1], we set ip E = e~ n <p(-/s). Let K =suppu + 
B (0; 1). Let x £ Of 3 (R™) be such that 

* = *r, x = £ |r 7X | 2 > 0. 
7 er 

Then there is a finite set F — Fk, x C Z n such that (r 7 x) (<p £ * u — u ) = for any 
7 G Z" \ F. It follows that 



, 7 sef 



||</? e * u — u\\ B 0, as e — > 0. 



□ 



Proposition 3.12. Let 1 < p < oo, k G K (M. n ) and C , N the positive constants 
that define k. Let m k = [N + ^] + 1. Tften 

BC m « (R n )-B p k (R n ) cB p k (E n ). 

Proo/. Let u e (R n ) and V £ £C mfc (R"). Let x £ C5 (M n ) \ 0. By using 
Proposition 12 . 71 we obtain that tfniTyX 2 £ Bk (M n ) and 
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This inequality implies that 

IIHIfc, PjX 2 < C fc , x U\\ BC m k \\u\\ k ^ x 

□ 

Corollary 3.13. Let 1 < p < oo and k E K. (W l ). Then 

BC°° (R n )-B p k (R™) cB p k (R"). 

Corollary 3.14. Le£ fc 6 /C (M n ) and C, N the positive constants that define k. 
Letm k = [JV+2±i] +1. T/ien 

£C" lfc (R™) c (R n ) . 

Proof. Since 1 G (R™) it follows that 

£C mfc (R") = BC nik (R n ) • 1 c BC mk (R") • S£° (R™) c (R n ) . 

□ 

4. Weak Wiener-Levy theorem for £>£° algebras 
Lemma 4.1. Let k, hi, k 2 G K, (R™). Suppose that there is C > smc/i i/iai 

L L 91 

72 * 12 - "p") 
1 2 



.e. 



fc? fa) fc 2 2 (€ - V) 

Then the bilinear map 

S (R™) xS (R n ) 9 («i,u 2 ) -> wiw 2 G S (R n ) 
/las a bounded extension 

B kl (R") x £ fc2 (R™) 9 (ui, w 2 ) ->• u lU2 G £ fe (R n ) , 
||«i«2|| B|1 ^ ( 27r ) _ "C|l u ille fcl H u 2|| Bfc2 • 
Proof. Let (u u u 2 ) G 5 (R™) x 5 (R n ). Then 

IN^II^ = ||feulu5||^ 2 = (27r) _2n ||fc(uT*G5)||^ 2 

= (2^r 2n | iMe)(^*^)(c)i 2 de 

By using Schwarz's inequality, we can estimate the integrand as follows 

\k (0 («r * SS) (0 1 2 < (| |fci fa) £T fa) I |fe 2 - n) G (£ - fcl (r,) - r,) d7/ 

< i^J \ki(v)ui(v)\ 2 \k2(£,-v)u2(£,-v)\ 2 dV 

k2 ^ -d„ 



fc 2 fa) fc 2 2 (£-??) 

< C 2 | fci fa)^fa)| 2 |M£- ^ U - d// 
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Hence 



= c 2 IM 2 fcl MI 2 fc2 



and 

ll^ 2 ||^<(27T)- 2n C 2 || Ul ||^ i \\u 2 f Bk2 . 



a 



Corollary 4.2. Let k,ki,k 2 G K. (R n ). Suppose that there is C > such that 

1_ 1_ C 2 

T2 * T2 - ~U2' 

rv-i rho hi 



i.e. 

k 2 (?) 



/ 



k\ (V) k 2 2 {i v) 



di] < C 2 



V 7T + 7T = h then 

J Pi P2 P' 



B v k \ (IT) • B p k l (R n ) c B p k (R™) . 



Proof. Let X e C£° (R") \ 0, m € fi^ 1 (R n ) and u 2 G Bjg (R rl ). By using the 
previous lemma we obtain that Uiu 2 Tj,x 2 € fife (R™) and 

||wiW2T-yX 2 || Bfe < (2^)""- C ||wiT y xll Bfci \\u2T y x\\ Bk2 
Finally, Holder's inequality implies that 

ll«i«2|| fciP , xa <(27r)- n C||« 1 || fciil , i)X ||« 2 || aiP2iX 

□ 

Corollary 4.3. Let k G K, (R n ) and 1 < p < oo. Suppose that there is C > smc/i 

1_ J_ 

fc 2 fc 2 — k 2 

k2 ^ -dn<C 2 . 



k 2 (v) k 2 (£ - ri) 

Then Z3£° (R™) is a Banach algebra with respect to the usual product and B v k (R™) is 
an ideal in B^ (R™). 

Definition 4.4. The set of all temperate weights k satisfying p * p- < -p will be 
denoted by JC a (R rl ). Then for any k G /C a (R™), B^ (R") is a Banach algebra with 
respect to the usual product. 

Lemma 4.5. Let k G K (R n ). The map 

C °° (R") x B^ (R™) 9 (95, u) -»• 95 * u G fir (R") 

is well defined and for any x£5 (R™) \ we have the estimate 

\\<P * «ll fc ,oo,x ^ H^Hl 1 H u II*,=o,x . (V, u) G C °° (R") x Br (R n ) . 
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Proof. Let (<p,u) £ (R n ) x B^ (E n ), X £ S (M™) \ and if> £ S(R n ). Then 
using (|3.2p we obtain 



(tzX (<P*u),ip) = (u, (p * ((t z x) i>)) = J <p(y) (u, t v ((t z x) VO) dy 

<p (y) (u, T- y ((t z x) ip)} dy = J (p (y) {{t z - v x) u, T_ y ip) dy, 
where ip (y) = ip (—J/). Since 

\((T z - y x)u,T- y ip)\ < \\{r z -yx)A Bk W T -y^\\i3 1/k ^ H u llfc,oo :X IMI Bl/fc 
it follows that 

\(r zX ^*u)^)\<M L1 \\u\\ k ^ x U\\ Bi/k 

Hence t z \ {ip * u) £ B k (R n ) and \\t z x O * u)\\ Bh < \\<p\\ L i \\u\\ k ,oo,x for ever y z e 
M n , i.e. ip* u £ Bf (E™) and 

\\v* u \\k,oo, x < IIvIIli IMUoo.x- 

□ 

Let <ys G C£°(IR n ), (p > be such that supp</? C B(0;1), J ^ (a;) da; = 1. For 
e G (0, 1], we set <p e = e~ n ip (-/e). 



Lemma 4.6. If k, k' G K. (W l ) and 

k'(0 



-> 0, £ -> oo, 



*(0 

ft /b/totoa that B^ (M n ) C (R n ) and /or any u G £>£° (R n ) 
V3 e * u -> u m Bg? (M n ) , e -> 0. 

Proof. Let XjXo S (R™) \ be such that xo = 1 on suppx + B (0; 1) and let 
u£B k x> (R n ). Then for < e < 1 we have 

(IP £ *U~ U) TyX = (<P 6 * (UTyX0) - UTyX0) TyX 

and by Lemma 12.71 

\\(tp e *u- u)T y x\\ Bk , < C (k',x) \\<Pe * (uTyXo) ~ UT yXo\\ Bk , ■ 

We have 

\\tp e * (uTyXa) ~ uT y xo\\ 2 Bk , = \\k'T{Lp £ * (ut v Xo) - UT y Xo)\\ L * 

\$ il 2 (jM) \H0 «w (0| 2 d€ 

Given any 6 > we now choose a ball S = Sg so large that 

|0 - 1| ^| < 2^|2 < J, £ £ \ S, e £ (0,1] 
For S = 5j we can choose £,5 so small that e £ (0, e$] implies 



sup|£(s0-l| <6 



\H0J 
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By writing J — J s + J Rn ^ s we obtain 

\\<p £ * (uT y xo) - UT y Xof Bk , < S 2 \k(^UT~xi (C)| 2 dC 



+ S 2 I \k(0^yXo(0\ 2 ^, ee(0,£5], 

JR"xS 



i.e. 

llVe * (wTyXo) ~ UT y xo\\ Bk , < $ ||fcw^Xo|| L2 = S \\uT y xo\\ Bk , e G (0,£ 5 ] • 
It follows that 

^♦"""llfc'.ocx^^^.^Nlfc.ocxo- 

The proof is complete. □ 
Definition 4.7. Let k, k! G /C (R n ) &e suc/i tftaf 

fc'(0<C*(0> (er. 

We set B^ f) (R")=(Bg°(R"),||.|| fc , iC 
Corollary 4.8. Let fc, fc' G /C (R n ) &e suc/i ffcaf 

Then 

(a) (R™) n C°° (R™) is dense m E£? fe/) (R n ). 

(b) Ifl/ke L 2 (R n ), then BC°° (R n ) is dense in B°° (R n ). 

Proof, (b) If 1/fc G L 2 , then (R") C SC(R n ). Therefore, tp £ * £>£° (R™) C 
<p £ *BC{R n ) c BC°° (R n ). ' " □ 

Theorem 4.9 (Wiener-Levy for weak form). Let ft = ft C C d and : ft -> C 
a holomorphic function. Let (k, k') G /C (R™) x /C a (R") fee swc/i iftai 



MO 

and 1/fc' GL 2 (R"). 



0, £ -> oo 



(a) If u = (m, ■■■,u d ) G £>£° (R™) satisfies the condition u(R n ) C ft, t/ien 



(b) J/u,u e G S£° (R") a , < s < 1, u(K") c ft and w £ -> u in B%? (R") a as 
e — > 0, t/ien there is e G (0, 1] such that u £ (R™) C ft /or every < e < £o a»id 
<S> (u e ) — > <Z> (u) m B£? (R") as e -> 0. 

Lroo/. On C d we shall consider the distance given by the norm 
\z\ 00 =max{\z 1 \,...,\z d \}, zeC d . 

Let r = dist (u (R"), C d \ ft) /8. Since u(R") C ft it follows that r > and 

|J B{y-Ar) C ft. 
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On Bp (R™) d we shall consider the norm 

IIMIkoo = niax{|H] fe , )00 , \\u d \\ k , i00 } , ueBP (R n f , 

where ||-|L/ is a fixed Banach algebra norm on Bp (R n ), and on BC (W l ) d we 
shall consider the norm 

||H|| 00 =max{]|u 1 || 00 ,...,|K|| 00 } ) ueBC(R n ) d . 

Since Bp (R™) C BC (R n ) there is C > 1 so that 

ll-lloo <C]l"IU',oo 

According to Corollary EM BC°° (R") is dense in B°^ fc/) (R n ). Therefore wc find 
v = {v 1 ,...,v d ) G £C°° (R") rf so that 

\\\ u - v \\\k>,oc < r/C. 

Then 

|||«-«||loa <C\\\u-v\\\ k ^ < r. 



Using the last estimate we show that v (R n ) C UzgR™ ^ ( u ( x ) > r )- Indeed, if z G 
v (R"), then there is x G R™ such that 

It follows that 

\ Z - U i X )\oo ^ l z - w (^)L + l U ( ;r )~ U ( a; )loo 

< k-^WL + lll^-^IIL 

< r- III" -«llloo + W\ v -"llloo = r 

so z £ B (u (x) ; r). 

From w(R n ) C LLgb™ 5 ( u ( x ) i r ) we S et 

i;(R") + S(0;3r) C |J B (« (i) ; 4r) C fi, 

xGR" 

hence the map 



x B (0; 3r) 9 (x, C) -> * (« (x) + C) G 



is well defined. Let T (r) denote the polydisc (c© (0, 3r)) . Since u (R") +T (r) C O 
is a compact subset, the map 



T(r) 3 C ^ $(( + v) £ BC mk ' (R n ) C BP (R n ) 

is continuous. 

On the other hand we have 

(Ci + vi - uir 1 , (Cd +v d - u d y l G S£? (R") 

because ||iti - ui[[ fc / j0O , —, ||«d ~ u d|lfc',oo < r/C < r and |Ci| = •■• = \Q\ = 3r. 
It follows that the integral 

(4.1) *=^/" 77 ^ rdC 

(27Ti) Jr(r) (Ci + «i - Ul) ••• (Cd + - Ud) 

defines an element ft G By (R n ). 
Let 

* a : B^ (R n ) c (R n ) C, w w (a) , 
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be the evaluation functional at x <G R™. Then 

h{x) = _J_/ *(C + "(*)) dC 

(2?ri) d Jr(r) (Ci - ("l (^) - «i 0*0)) ■•• (Cd - ("d (») - «d O))) 
= $ (C + v {x)) \ c=u{x) _ v{x) = <P(u(x)) 

because \u (x) — v (x)\ OQ < \\\u — vlW^ < r, so u (x) — v (x) is within polydisc T (r). 
Hence h = <2> o u = <P (u) G (R n ). 

(b) Let £q G (0, 1] be such that for any < e < Eq we have 

IH U -^lllfe',oo < r l C - 



Then - UsHI^ < C \\\u - Ue\\\ v<00 < r and u £ (R n ) C LbeR™ B ( u ( x ) '■> r ) c ^ 
for every < e < e - 

On the other hand we have \\\v — u E \\\ kl oc < \\\v — u\\\ k , ^ + \\\u — u E \\\ kl oo < 
r/C + r/C < 2r. It follows that 

(Ci + v t - u e i) _1 , (Cd +v d - u £d y l e B% (M n ) 

because ||u e i - ui|| A , )00 , -, ||" e d - Vd|| fe < )00 < 2r and | Ci I = •■• = \Cd\ = 3r. 
We obtain that 

(27Ti) ir(r) iCl + «1 - Wei) ■■• (Cd + "d ~ "ed) 

- —J 77 

(2?ri) Jr(r) (Cl + «i - «i) ••• (Cd + "d - "d) 

as e -4 0. □ 

Remark 4.10. According to Coquand and Stolzenberg |CSj . this type of represen- 
tation formula, \4-l\ , was introduced more than 60 years ago by A. P. Calderon. 

5. The spaces B k and Schatten-von Neumann class properties for 

PSEUDO-DIFFERENTIAL OPERATORS 

We begin this section with some interpolation results of B k spaces. 
For k G K(R n ), if 

F k = {v G S' (R n ) :kveL 2 (W 1 )} , 
\\ v \\F k = IIMIz= > v£F k , 

then the Fourier transform T is an isometry (up to a constant factor) from Bk (R Tl ) 
onto Fk and the inverse Fourier transform J 7-1 is an isometry (up to a constant 
factor) from F k onto Bk (R Tl ). The interpolation property implies then that T 
maps continuously [Bk (R™) , B kl (R")]g into [Fk , F kl ] and J 7-1 maps continu- 
ously [F ko ,F kl ] g into [B ko (R n ),B kl (R")] e , so that [£ fco (E«) ,B fel (R")] 9 coincides 
with the tempered distributions whose Fourier transform belongs to [F ko , F kl ] & (and 
one deduces in the same way that it is an isometry if one uses the corresponding 
norms). Identifying interpolation spaces between spaces B k (R") is then the same 
question as interpolating between some L 2 spaces with weights. The following 
lemma is a consequence of this remark and Theorem 1.18.5 in [Trij . 

Lemma 5.1. If k , fei G K, (R™), < 6 < 1 and k = k^ e ■ kf G K (R") ; then 

[B ko (R n ),B kl (R n )] 9 = Bk (R"). 
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Using the results of [Trij Subsection 1.18.1 we obtain the following corollary. 
Corollary 5.2. Let k , k x ^K (R n ) } 1 < p Q < oo, 1 < p 1 < oo, < 9 < 1 and 
1 1 



+ — , k = k^~ e -k e 1 G/C(R n ). 



T/ien 

[i*> (Z",£ fco (R™)) , Z Pl (Z",B fcl (K"))] = /p (Z n ,B k (R")). 

We pass now to the Kato-Hormander spaces B v k . We choose xz™ G Co° (M n ) so 
that X) 7 6Z« Xz™ (' — 7) = !• For 7 G Z™ we define the operator 

5 7 : V (R n ) -> D' (M" ) , S 7 w = (t 7 xz- ) u. 

Now from the definition of B k it follows that the linear operator 

5 : B\ (R") -> F (Z n , £ fc (R™)) , 5w = (S 7 w) 7eZ „ 

is well defined and continuous. 

On the other hand, for any x G Co° the operator 

(Z n ,B fc (W l ))^B p k (R™) , 



is well defined and continuous. 

Let u = (u 7 ) 7ez „ G Z p (Z n , B k (R™)). Using Proposition O we get 

||(t 7 'Xz«) (r 7 x) %|| B) , < Cst sup |((r y a a xz") (r 7 ^x))| IKII Bfc • 

\a+p\<m k 

where mt = [N + ^J^l +1. Now for some continuous seminorm p = p n ,k on 5 (R Tl ) 
we have 

|((r 7 '9 a X Z »)(r 7 ^x))(^)| < p(xz-Mx) (* - 7 '}" 2( " +1) - jy 2{n+1) 

< 2 n+1 p (xzn)p(x) (2x -i- 1 r n - 1 (7' - 7p~ 1 

< 2"+ 1 p(xz")p(x)(7'-7)^ 1 , \a + p\<m k . 

Hence 

sup |((r y a Q X z»)M^x))| <2" +1 p(xz")p(x)(7'-7)^ 1 , 

|a+/3|<m fc 

IKvxz") (T 7 x)M 7 ll f5fc < c 0, fc,xz-,x) (7' - 7 r"~ 1 IKII flfc ■ 

The last estimate implies that 

||(r r xz")^ x (u)|| Bfc < C*(n,fc,xz",x) E (V ~ l) - "" 1 IKII Bh • 

7 GZ" 

Now Schur's lemma implies the result 



E ll(vx*Ofl*(a)ll£> <C(n.*»x*-,x) ( E KHb, 

i 7 'ez" 
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If X = 1 on a neighborhood of suppxz™ , then xxz™ = Xz™ and as a consequence 



R X S = Id B P( Rn) 



R x Su = ( t jX)SjU= Y ( T 7%) (t 7 Xz»)' 



7SZ 



7 ez" 

Thus we proved the following result. 

Proposition 5.3. Under the above conditions, the operator R x : l p (Z™, Bk (R™)) — > 
B\ (R™) is a retraction and the operator S : B\ (R") P {Z n ,B k (»")) « s a con- 
traction. 

Corollary 5.4. Le£ k , fa £ /C (R") ; 1 < p < oo, 1 < pi < oo, < < 1 and 
1 _ 1-0 



Pi 



fc = fci" e • fc* e /C (R n ) . 



Then 



Proo/. The last part of Theorem GUI (d) shows that (R"),B^ (R™)} is an 

interpolation couple (in the sense of the notations of Subsection 1.2.1 of [Trij one 
can choose .4 = 5' (R™)). If F is an interpolation functor, then one obtains by 
Theorem 1.2.4 of [IE] that 



ll u llF({ B ™ (K „ )iB £i (Rre) }) 
By specialization we obtain 



.13 ■ 



(>5 , 7 u ) 7 ez 
II u IIb£(k™) 



[l" o (Z« ,S fco (R»)),/M (Z«,B fel (R»))] 6 
/p(Z",i3 fc (R")) 



□ 



In addition to the above interpolation results we need an embedding theorem 
which we shall prove below. First we shall recall the definition of spaces that appear 
in this theorem. 

Definition 5.5. Let 1 < p < oo. We say that a distribution u £ V (R") belongs 
to Sfy (R n ) if there is \ £ (R™) \ such that the measurable function 



[0,+oo) 



u x , P (0 



\ sup yeRn \uTyX (0\ if P = co 
\ U \ u ^yX{€)\ V d v) P if l<P<oo 

UTyX (£) = ( u i e _l( '' C> X (• - y) , 



belongs to L 1 (R™). 
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These spaces are special cases of modulation spaces which were introduced by 
Hans Georg Feichtinger in 1983. They were used by many authors (Boulkhemair, 
Grochenig, Heil, Sjostrand, Toft ...) in the analysis of pseudo-differential operators 
defined by symbols more general than usual. 

Now we give some properties of these spaces. 

Proposition 5.6. (a) Let u G S? (R n ) and let X G QT (R n )- Then the measurable 
function 



U 



X,P 



-> [0,+oo) 



u x , P (0 



belongs to L 1 (R n ). 

(b) If we fix x G C$° (E n ) \ and if we put 



\ UT yX(0\ if P = co 

uTyx{C> = (u,b~^'^x(- -y) 



su PyeB" 

(J \u^Tyx(£)\ P dy) 1/p if l<p<oo 



\\ u \\s& 



U XtP (0^=\\U XtP \\ L1 , u£S w (R n ), 



then W'Wgp x is a norm on (R n ) and the topology that defines does not depend 
on the choice of the function \ G (R n ) s 0. 

(c) Let 1 < p < q < oo. Then 

Si (R n ) c SP (R n ) c SI (R n ) c S™ (R n ) = S w (R n ) c BC (R n ) c S' (R n ) . 

(d) If A G End R (R™) is invertible and u G 5£ (R™) ; tten it A = u ° A G (R n ) 
and i/iere is C G (0, +oo) independent of u and A sitc/i i/iai 

IK|| s£ <C|detAr' i/p (l + ||A||n| W || s£ . 
A proof of this proposition can be found for instance in |A1| . 
Lemma 5.7. Let k G /C (R") and 1 < p < oo. Ifl/ke L 1 (R"), i/ien tf£ (R n ) <->■ 

Si (R n ). 

Proof. Let ueBj (R n ). Let x, X G Cg° (R n ) \ be such that x=lon suppx- For 
y G R™ we have 

Multiplying by k (£) and noting the inequality fc (£) < Mfc (£, — rj) k (n), we obtain 



* (0 S^VX (0 < (2tt) " / fc fa) «r y x fa) M fe (£ - r?) |^x (£ - »?)| ^ 



< (27T)" 



L 2 



HMfc^xll 



L 2 



hence 



= (20-* iKxIk llxll 



|wvx(0| <(2tt) n \\ur y x\\ Bk \\x\\ l 



*(0 
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It follows that 



1 f sup eR „ \\uTyx\\ B if p = oo 

u x At)<(^y n \\x\\ BMk jT-A , ~,, P ,\l ., y< , 

M " y l^j \\uTyx\y Bk dy) if 1<P<< 



Mlfe.oo,* # P=°° 
\W\\ k ,p,x if l<P<o° 

<(2^r"iixiu», r . ii«ii. 



which implies that 

ll«lls£,x = H^, p IIli < (27T)-" Hxlls, PAII^ hl, P , x , 

□ 

This embedding theorem allows us to deal with Schatten-von Neumann class 
properties of pseudo-differential operators. 

Let t G End R (R n ) = M nxn (R), a G 5 (R" x R"), ueS (R"). We define 

Dp r (a) v (x) = a T (X, D) v (x) 

= (2tt)-" y j e^-V'^a ((1 - r) x + ry, rj) v {y) dydv. 

If u,u € 5(R"), then 

(0p T (a) u, u) = (2Try n JJJ e i{x - y ^a((l - t) x + ry , n) u (x) v (y) dxdydn 
= (((l«J _1 )a)oC T ,M8u), 

where 

C T : R" x R" -> R™ x R™, C T (or, y) = ((1 - r) x + ry, x - y) . 
We can define 0p T (a) as an operator in B (S (R rl ) , S' (R™)) for any a E S' (R n x R n ) 

by 

(0p r (a) u, u) S5 , = (/C p T ( a) ,w® v) , 

Kop T (a) = ((l«^»oC T 

Theorem 5.8. Let k G /C (R™ x R n ) be sucft ttai 1/fc G L 1 (R" x R n ). 

(a) Let 1 < p < oo, t G End K (R n ) = M„ xn (R) and a G Bj? (R" x R"). Then 

D Pr (a)=a T (X,D)eB p (L 2 (R™)) , 

w/iere 2? p (l/ 2 (R™)) denote the Schatten ideal of compact operators whose singular 
values lie in P. We have 

<Cst\\a\\ BP . 

Moreover, the mapping 

End R (R™) 3 t -»• 0p T (a) = a T (X, £>) G £ p (L 2 (R™)) 

is continuous. 

(b) Let t G End R (R") = M nxn (R) and a £ B^ (R™ x R"). Tften 

Pr (a) =a r (X,D) eB(L 2 (R™)) . 
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We have 

ll°Pr ( a )lle(L2(R")) ^ Cst ll a lls°= ■ 

Moreover, the mapping 

End R (R") 3 t ?* 0p T (a) = a r (X, D) e B (L 2 (W 1 )) 

is continuous. 

Proof. This theorem is a consequence of the previous theorem and the fact that 
it is true for pseudo-differential operators with symbols in 5£, (R n x R") (see for 
instance |Alj for 1 < p < oo and |B2j for p — oo). □ 

Theorem 5.9. Let k G K (R" x R") be such that 1/k £ L 1 (R" x R n ) and 1 < p < 
oo. Ifr£ End R (R n ) = M nxn (R) and a £ B^_ 2/pl (R n x R") then 

Pr (a) = a T (X, D) £ 23 p (L 2 (M™)) . 

Moreover, the mapping 

End R (R n ) 9 r -> 0p T (a) = a T (X, D) £ B p (L 2 (R n )) 

is continuous. 

Proof. The Schwartz kernel of the operator 0p T (a) is ((l (g> .F -1 ) a) oC T . Therefore, 
a £ B\ (R n x R") = L 2 (R n x R n ) implies that 0p T (a) € £ 2 (i 2 Next we 

use the interpolation properties of Kato-Hormander spaces B\ and of the Schatten 
ideals B p (L 2 (R n )) to finish the theorem. 

[B\ (R n x R") , B{ (R n x R")] 2 _ 1 = B^ 2/p _ 1 (R™ x R") 
[B 2 (i 2 (M n )) ,Si (L 2 (R")j] a _ 2 - S p (L 2 (R")) 



[S 2 (R™ x R") ,B£° (R n x R")] 1 _ 2 = Bfci-2/p (R n x R") 
[B 2 (£ 2 (R")) , 6 (L 2 (R™))] J 2 = £ P (i 2 (R")) 



1 <P < 2, 

2 < p < oo. 



□ 
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